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RIGIDITY THEOREMS OF LAGRANGIAN SUBMANIFOLDS IN
THE HOMOGENEOUS NEARLY KA¨HLER S6(1)
ZEJUN HU, JIABIN YIN AND BANGCHAO YIN
Abstract. In this paper, we study Lagrangian submanifolds of the homoge-
neous nearly Ka¨hler 6-dimensional unit sphere S6(1). As the main result, we
derive a Simons’ type integral inequality in terms of the second fundamental
form for compact Lagrangian submanifolds of S6(1). Moreover, we show that
the equality sign occurs if and only if the Lagrangian submanifold is either the
totally geodesic S3(1) or the Dillen-Verstraelen-Vrancken’s Berger sphere S3
described in J Math Soc Japan, 42: 565-584, 1990.
1. Introduction
It is well-known that the 6-dimensional unit sphere S6(1) with the standard met-
ric g of constant sectional curvature 1 admits a canonical nearly Ka¨hler structure
J , which can be constructed by using the Cayley number system. A 3-dimensional
Riemannian submanifold M3 of S6(1) is called Lagrangian if J(TM3) = T⊥M3,
where TM3 and T⊥M3 denote, respectively, the tangent and normal bundle of M3
in S6(1). Butruille [2] proved that the only Riemannian homogeneous 6-dimensional
nearly Ka¨hler manifolds are S6, S3 × S3, CP 3 and SU(3)/U(1)× U(1). However,
Foscolo and Haskins [11] have proved the existence of at least one exotic (cohomo-
geneity one) nearly Ka¨hler structure on both S6 and S3 × S3. In this paper, we
consider S6(1) restricted to its canonical homogeneous nearly Ka¨hler structure.
For compact Lagrangian submanifolds of the nearly Ka¨hler S6(1), the rigidity
phenomena with respect to the sectional curvature K, the Ricci curvature Ric and
the scalar curvature τ have been previously studied in [1, 5, 6, 7, 12, 15].
Regarding the pinching theorems for the sectional curvature, we have
Theorem 1.1 ([5, 6]). Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1) whose sectional curvatures K satisfy K > 116 . Then M
3 is totally
geodesic, and thus K = 1.
Theorem 1.2 ([6, 7]). Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1) whose sectional curvatures K satisfy 116 ≤ K < 2116 , then M3 is totally
geodesic with K = 1, or M3 has constant sectional curvature 116 .
Notice that Lagrangian submanifolds of S6(1) with constant sectional curvature
were classified by Ejiri [10]. Each such submanifold is either totally geodesic or
congruent to an equivariant immersion of S3(1/16) in S6(1) (the immersion can be
realized by using harmonic polynomials of degree 6 and an explicitly expression is
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given in [6, 7]). Also there exists another equivariant immersion of SU(2), equipped
with a suitable left invariant metric, see [7, 17], of which at every point all sectional
curvatures satisfy 2116 > K ≥ 116 . Therefore the above-mentioned theorems are the
best possible pinching results for the sectional curvatures.
Regarding the pinching theorems for the Ricci curvature, we have
Theorem 1.3 ([15]). Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1) and assume that all Ricci curvatures Ric satisfy Ric(v) > 5364 . Then
M3 is totally geodesic, and thus Ric = 2 on M3.
An improved version of Theorem 1.3 was obtained by Antic´-Djoric´-Vrancken [1]:
Theorem 1.4 ([1]). Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1) and assume that all Ricci curvatures Ric satisfy Ric(v) ≥ 34 . Then
M3 is totally geodesic.
Since a Lagrangian submanifold of the nearly Ka¨hler S6(1) must be minimal
([10]), the squared length ‖h‖2 of the second fundamental form h and the scalar
curvature τ is related by, the Gauss equation, τ = 6 − ‖h‖2. In [3], the authors
classified the Lagrangian submanifolds of S6(1) with constant scalar curvature that
realize the Chen’s inequality. As far as the pinching theorem for the scalar curvature
are concerned, we have
Theorem 1.5 ([12]). Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1). Assume that ‖h‖2 < 52 , then M3 is totally geodesic.
Remark 1.1. Although the result of Theorem 1.5 is not optimal, it is still significant.
In fact, it stands for a very interesting improvement of the following results: If M3
is a compact minimal submanifold of the round sphere S6(1), then A. M. Li and
J. M. Li [14] proved the result if ‖h‖2 ≤ 2, while J. Simons [20] and Chern-do
Carmo-Kobayashi [4] earlier achieved the same result provided ‖h‖2 ≤ 9/5.
On the other hand, we noticed that next to the totally geodesic Lagrangian
immersion S3(1) →֒ S6(1) for which we have ‖h‖2 = 0, the isometric Lagrangian
immersion S3(1/16) →֒ S6(1) has the property that ‖h‖2 = 45/8. Thus, Theorem
1.5 and Theorems 1.1 and 1.2 motivate us to consider the following problem:
Problem. Try to characterize the compact Lagrangian submanifold of the nearly
Ka¨hler S6(1) whose second fundamental form h has an optimal value of length next
to that of the totally geodesic one.
In this paper, we have solved the above problem. More specifically, for compact
Lagrangian submanifolds of S6(1), we will derive an optimal Simons’ type integral
inequality in terms of the second fundamental form. Our main result is the following
Main Theorem. Let M3 be a compact Lagrangian submanifold of the nearly
Ka¨hler S6(1). Then it holds the Simons’ type integral inequality∫
M3
‖h‖2(‖h‖2 − 54 − 32Θ2)dM ≥ 0, (1.1)
where Θ(p) = maxu∈UpM3 g(h(u, u), Ju) for p ∈M3.
Moreover, the equality sign in (1.1) holds if and only if M3 is either the totally
geodesic S3(1) with ‖h‖2 ≡ 0, or the Dillen-Verstraelen-Vrancken’s Berger sphere
Ψ(S3) defined by (3.1) which satisfies ‖h‖2 = 54+ 32Θ2 with ‖h‖2 ≡ 258 and Θ ≡
√
5
2 .
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As direct consequence of the Main Theorem, we have
Corollary 1.1. Let M3 be a compact Lagrangian submanifold of the nearly Ka¨hler
S6(1). If ‖h‖2 ≤ 54 + 32Θ2, then either ‖h‖2 ≡ 0 and M3 is totally geodesic, or
‖h‖2 = 54+ 32Θ2 with ‖h‖2 ≡ 25/8 and Θ ≡
√
5/2 and M3 is the Dillen-Verstraelen-
Vrancken’s Berger sphere Ψ(S3) that is defined by (3.1).
Remark 1.2. Generalizing the observation that a parallel Lagrangian submanifold
of the nearly Ka¨hler S6(1) is totally geodesic in [9], it was shown in [21] that, in any
6-dimensional strict nearly Ka¨hler manifold, Lagrangian submanifolds with parallel
second fundamental form are always totally geodesic. On the other hand, M. Djoric´
and L. Vrancken [9] considered Lagrangian submanifolds of the nearly Ka¨hler S6(1)
which satisfy the following condition, namely for any tangent vector v it holds
g((∇h)(v, v, v), Jv) = 0. (1.2)
Lagrangian submanifolds satisfying the above condition were called J-parallel. It is
worth pointing out that if the equality sign of (1.1) holds thenM3 is J-parallel, and
that the J-parallel Lagrangian submanifolds of S6(1) have been classified in [9]. In
this respect, see also [13] for a complete classification of the J-parallel Lagrangian
submanifolds of the homogeneous nearly Ka¨hler manifold S3 × S3.
2. The nearly Ka¨hler S6(1) and its Lagrangian submanifolds
In this section, we review some aspects of the nearly Ka¨hler manifold S6(1) and
its Lagrangian submanifolds. More details can be found in [19] and [7, 9].
By considering R7 as the imaginary Cayley numbers, the Cayley multiplication
induces a vector product on R7. On S6 := S6(1) with the standard metric g we
now define a (1, 1)-tensor field J by
JxU = x× U,
for x ∈ S6 and U ∈ TxS6. It is well defined (i.e., JxU ∈ TxS6) and determines an
almost complex structure on S6(1). Furthermore, let G be the (2, 1)-tensor field on
S6 defined by
G(X,Y ) = (∇¯XJ)Y, (2.1)
where ∇¯ is the Levi-Civita connection on S6(1). Then we have (cf. [7, 10]):
G(X,Y ) +G(Y,X) = 0, (2.2)
G(X, JY ) + JG(X,Y ) = 0, (2.3)
g(G(X,Y ), Z) + g(G(X,Z), Y ) = 0, (2.4)
(∇¯XG)(Y, Z) = g(Y, JZ)X + g(X,Z)JY − g(X,Y )JZ, (2.5)
g(G(X,Y ), G(Z,W )) =g(X,Z)g(Y,W )− g(X,W )g(Z, Y )
+ g(JX,Z)g(Y, JW )− g(JX,W )g(Y, JZ), (2.6)
where X,Y, Z,W are vector fields on S6. Here, (2.2) and (2.6) imply that (S6, g, J)
is a strict nearly Ka¨hler manifold.
Let x : M3 → S6(1) be a Lagrangian isometric immersion. We denote the Levi-
Civita connection of M3 by ∇ and the normal connection in the normal bundle
T⊥M3 (defined by the orthogonal projection of ∇¯ on T⊥M3) by ∇⊥. The shape
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operator Aξ in the direction of a normal vector field ξ on M
3 and T⊥M3-valued
second fundamental form h are defined by the following Gauss-Weingarten formulas
∇¯XY = ∇XY + h(X,Y ), ∇¯Xξ = −AξX +∇⊥Xξ, (2.7)
where X,Y are tangent vector fields of M3, and h is related to Aξ by
g(h(X,Y ), ξ) = g(AξX,Y ). (2.8)
From (2.1) and (2.7) we compute that
∇⊥XJY = G(X,Y ) + J∇XY, AJXY = −Jh(X,Y ). (2.9)
After having the results for the nearly Ka¨hler S6(1), the following two lemmas
have been proved for all 6-dimensional strict nearly Ka¨hler manifold.
Lemma 2.1 ([10, 18]). Let M3 be a Lagrangian submanifold of a 6-dimensional
strict nearly Ka¨hler manifold. Then
(1) M3 is orientable and minimal,
(2) M3 has volume form ω(X,Y, Z) = g(G(X,Y ), JZ),
(3) If X,Y are tangent vector fields of M3, then G(X,Y ) is a normal vector
field.
Lemma 2.2 ([21]). Let M3 be a Lagrangian submanifold of a 6-dimensional strict
nearly Ka¨hler manifold. Then we have
g((∇h)(W,X,Z), JY )− g((∇h)(W,X, Y ), JZ) = g(h(W,X), G(Y, Z)),
for any tangent vector fields X,Y, Z,W on M3.
Let x :M3 → S6(1) →֒ R7 be a Lagrangian submanifold of S6(1). From now on,
we agree on the following index ranges:
1 ≤ i, j, k, l, · · · ≤ 3 and i∗ = 3 + i for i = 1, 2, 3.
We choose {e1, e2, e3, e1∗ , e2∗ , e3∗} to be a local orthonormal frame field of the
tangent bundle TS6 such that ei lies in TM
3 and ei∗ = Jei lies in T
⊥M3. Let
{ω1, ω2, ω3, ω1∗ , ω2∗ , ω3∗} be the associated dual frame field so that restricted to
M3 it holds that ω1∗ = ω2∗ = ω3∗ = 0. With respect to {e1, e2, e3, e1∗ , e2∗ , e3∗},
let ωij and ωi∗j∗ denote the connection 1-forms of TM
3 and T⊥M3, respectively.
Then the structure equations of x :M3 → S6(1) are:


dx =
∑
i
ωiei,
dei =
∑
j
ωijej +
∑
j,k
hk
∗
ij ωjek∗ − ωix, ωij + ωji = 0,
dei∗ = −
∑
j,k
hi
∗
jkωjek +
∑
j
ωi∗j∗ej∗ , ωi∗j∗ + ωi∗j∗ = 0,
(2.10)
RIGIDITY OF LAGRANGIAN SUBMANIFOLDS IN S6(1) 5
where hk
∗
ij = h
k∗
ji = h
j∗
ik for any i, j, k, and h =
∑
i,j,k h
k∗
ij ωiωjek∗ . Taking exterior
differentiation of (2.10) we get

dωi =
∑
j
ωij ∧ ωj ,
dωij −
∑
k
ωik ∧ ωkj := − 12
∑
k,l
Rijklωk ∧ ωl,
dωi∗j∗ −
∑
k
ωi∗k∗ ∧ ωk∗j∗ := − 12
∑
k,l
Ri∗j∗klωk ∧ ωl,
∑
l
hk
∗
ij,lωl := dh
k∗
ij +
∑
l
hk
∗
il ωlj +
∑
l
hk
∗
lj ωli +
∑
l
hl
∗
ijωl∗k∗ ,
(2.11)
where Rijkl, Ri∗j∗kl and h
k∗
ij,l are components of the curvature tensor of the tan-
gent bundle, the normal bundle and the first covariant derivative of the second
fundamental form of M3, and they satisfy the Gauss-Codazzi-Ricci equations:
Rijkl = δikδjl − δilδjk +
∑
p
(hp
∗
ik h
p∗
jl − hp
∗
il h
p∗
jk), (2.12)
hk
∗
ij,l = h
k∗
il,j , (2.13)
Ri∗j∗kl =
∑
p
(hp
∗
ik h
p∗
jl − hp
∗
il h
p∗
jk). (2.14)
From (2.12), the Ricci curvature Rij and the scalar curvature τ of M
3 satisfy
Rij = 3δij −
∑
k,p
hp
∗
ik h
p∗
kj , τ = 6− ‖h‖2, (2.15)
where ‖h‖2 =∑i,j,k(hk∗ij )2 is the squared length of the second fundamental form.
Exterior differentiation of the last equation of (2.11) we get the Ricci identity
hp
∗
ij,kl − hp
∗
ij,lk =
∑
m
hp
∗
miRmjkl +
∑
m
hp
∗
mjRmikl +
∑
m
hm
∗
ij Rm∗p∗kl, (2.16)
where, hp
∗
ij,kl is the components of the second covariant derivative of h:∑
l
hp
∗
ij,klωl := dh
p∗
ij,k +
∑
l
hp
∗
lj,kωli +
∑
l
hp
∗
il,kωlj +
∑
l
hp
∗
ij,lωlk +
∑
l
hl
∗
ij,kωl∗p∗ .
3. Dillen-Verstraelen-Vrancken’s Berger sphere in S6(1)
Consider the unit sphere S3 := {(y1, y2, y3, y4) ∈ R4 | y21 + y22 + y23 + y24 = 1}
in R4. There are many Lagrangian immersions from the topological three-sphere
S3 into the nearly Ka¨hler unit 6-sphere that have nice properties. Indeed, besides
that of constant sectional curvature appeared in Theorem 1.2, immersions of Berger
3-spheres are also introduced and geometrically characterized in [7] and [3] (see also
[16]). For our purpose, we particularly mention that, in [7] (cf. also [9] and [16]),
Dillen, Verstraelen and Vrancken constructed an embedding from the topological
three-sphere into the nearly Ka¨hler unit 6-sphere, defined by
Ψ : S3 → S6(1) : (y1, y2, y3, y4) 7→ (x1, x2, x3, x4, x5, x6, x7), (3.1)
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where

x1 =
1
9 (5y
2
1 + 5y
2
2 − 5y23 − 5y24 + 4y1), x2 = − 23y2,
x3 =
2
√
5
9 (y
2
1 + y
2
2 − y23 − y24 − y1), x4 =
√
3
9
√
2
(−10y1y3 − 2y3 − 10y2y4),
x5 =
√
3
√
5
9
√
2
(2y1y4 − 2y4 − 2y2y3), x6 =
√
3
√
5
9
√
2
(2y1y3 − 2y3 + 2y2y4),
x7 =
√
3
9
√
2
(10y1y4 + 2y4 − 10y2y3).
To make calculation of the mapping Ψ : S3 → S6(1), let X1, X2, X3 be the
vector fields on S3, defined by

X1(y1, y2, y3, y4) = (y2,−y1, y4,−y3),
X2(y1, y2, y3, y4) = (y3,−y4,−y1, y2),
X3(y1, y2, y3, y4) = (y4, y3,−y2,−y1).
Then X1, X2 and X3 form a basis of tangent vector fields to S
3, and it holds that
[X1, X2] = 2X3, [X2, X3] = 2X1 and [X3, X1] = 2X2.
We define a Berger metric 〈·, ·〉 on S3 such that X1, X2 and X3 are orthogonal
and such that 〈X1, X1〉 = 4/9 and 〈X2, X2〉 = 〈X3, X3〉 = 8/3. Then
E1 =
3
2X1, E2 =
√
3
2
√
2
X2, E3 = −
√
3
2
√
2
X3
form an orthonormal frame field on (S3, 〈·, ·〉). Moreover, direct calculations give
the following results.
Lemma 3.1 ([7]). The curvature tensor of the Berger sphere (S3, 〈·, ·〉) has the
following expression
〈R(X,Y )W,Z〉 = 116 (〈X,Z〉〈Y,W 〉 − 〈X,W 〉〈Y, Z〉)
+ 2016 (〈X⊥, Z⊥〉〈Y ⊥,W⊥〉 − 〈X⊥, V ⊥〉〈Y ⊥, Z⊥〉),
where V ⊥ denotes the orthogonal complement of a vector V with respect to E1.
Moreover, (S3, 〈·, ·〉) has constant scalar curvature 23/16.
Lemma 3.2 ([7, 9]). The above mapping Ψ : S3 → S6(1) is an isometric Lagrangian
embedding from (S3, 〈·, ·〉) into S6(1). Moreover, with respect to the globally defined
orthonormal tangent vector fields {E1, E2, E3}, it holds that G(E2, E3) = JE1, and
the second fundamental form h of Ψ : S3 → S6(1) takes the following form{
h(E1, E1) =
√
5
2 JE1, h(E1, E2) = −
√
5
4 JE2, h(E1, E3) = −
√
5
4 JE3,
h(E2, E2) = −
√
5
4 JE1, h(E3, E3) = −
√
5
4 JE1, h(E2, E3) = 0.
Remark 3.1.
(1) Let σ be any plane in the tangent space of S3. Then we have an orthonormal
basis {X,Y } of σ such that X = cos θE2 + sin θE3 and Y = sinϕE1 −
cosϕ sin θE2 + cosϕ cos θE3, where θ, ϕ ∈ R. Thus the sectional curvature
of the plane σ is given by R(X,Y, Y,X) = K(σ) = 1/16 + 20/16 cos2 ϕ. It
follows that 1/16 ≦ K(σ) ≦ 21/16, where 1/16 is attained for every plane
which contains E1, and where 21/16 is attained only for the plane spanned
by E2 and E3.
(2) Lemma 3.2 implies that the second fundamental form of the Lagrangian
embedding Ψ : S3 → S6(1) has constant squared norm. Indeed, it holds
that ‖h‖2(p) = 258 , Θ(p) = maxu∈UpS3〈h(u, u), Ju〉 =
√
5
2 for any p ∈ S3.
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(3) Due to Lemmas 3.1 and 3.2, we will call the embedding Ψ : S3 → S6(1)
defined by (3.1) as the Dillen-Verstraelen-Vrancken’s Berger sphere.
4. Lemmas and Proof of the Main Theorem
First, thanks to that Lagrangian submanifolds of the nearly Ka¨hler S6(1) are
minimal, and applying for the Gauss-Codazzi-Ricci equations (2.12)–(2.14) and the
Ricci identity (2.16), we have the following well known result.
Lemma 4.1 ([4, 14]). Let M3 be a Lagrangian submanifold of the nearly Ka¨hler
S6(1). Then, in terms the notations in section 2 and put Hi = (h
i∗
jk), we have the
following formula for the Laplacian of ‖h‖2:
1
2
∆‖h‖2 =
∑
i,j,k
(hl
∗
ij,k)
2 + 3‖h‖2 −
∑
i,j
N(HiHj −HjHi)−
∑
i,j
S2ij . (4.1)
Here, Sij = trace(HiHj) and N(A) = trace(AA
t) =
∑
i,j(aij)
2 for A = (aij).
Next, to calculate the invariant
∑
i,j N(HiHj−HjHi)+
∑
i,j S
2
ij , we will choose
a canonical orthonormal bases following the standard way of N. Ejiri [10].
LetM3 be a Lagrangian submanifold of the nearly Ka¨hler S6(1). Let UM3 be the
unit tangent bundle over M3 such that UqM
3 = {u ∈ TqM3 | g(u, u) = 1} for any
q ∈M3. We define a function fq on UqM3 by fq(u) = g(h(u, u), Ju). Since UqM3
is compact, there is an element e1 ∈ UqM3 such that fq(e1) = maxu∈UqM3 fq(u).
Actually, we have the following lemma.
Lemma 4.2 ([1, 9]). Let M3 be a Lagrangian submanifold of the nearly Ka¨hler
S
6(1). Then, for all q ∈M3, there exists an orthonormal basis {e1, e2, e3} of TqM3
such that

h(e1, e1) = (λ1 + λ2)Je1, h(e1, e2) = −λ1Je2, h(e1, e3) = −λ2Je3,
h(e2, e2) = −λ1Je1 + µ1Je2 + µ2Je3, h(e2, e3) = µ2Je2 − µ1Je3,
h(e3, e3) = −λ2Je1 − µ1Je2 − µ2Je3,
(4.2)
where 

λ1 + λ2 = max
u∈UqM3
fq(u) ≥ 0,
3λ1 + λ2 ≥ 0, 3λ2 + λ1 ≥ 0,
− (λ1 + λ2) ≤ µ1, µ2 ≤ λ1 + λ2.
(4.3)
Lemma 4.3. If (4.2) holds, then by notations of Lemma 4.1 we have
‖h‖2 =
∑
i,j,k
(hk
∗
ij )
2 = 4λ21 + 4λ
2
2 + 2λ1λ2 + 4µ
2
1 + 4µ
2
2, (4.4)
∑
i,j
N(HiHj −HjHi) +
∑
i,j
(Sij)
2
= 24λ41 + 24λ
3
1λ2 + 24λ
2
1λ
2
2 + 24λ1λ
3
2 + 24λ
4
2
+ 18(λ21 + λ2)(µ
2
1 + µ
2
2)− 36λ1λ2(µ21 + µ22) + 24(µ21 + µ22)2.
(4.5)
Proof. If (4.2) holds, then we can write Hk = (h
k∗
ij ) in more explicit form:
H1 =

λ1 + λ2 0 00 −λ1 0
0 0 −λ2

 , (4.6)
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H2 =

 0 −λ1 0−λ1 µ1 µ2
0 µ2 −µ1

 , (4.7)
H3 =

 0 0 −λ20 µ2 −µ1
−λ2 −µ1 −µ2

 . (4.8)
From (4.6)–(4.8), we have the following computations
H1H2 −H2H1 =

 0 −λ1(2λ1 + λ2) 0λ1(2λ1 + λ2) 0 (λ2 − λ1)µ2
0 (λ1 − λ2)µ2 0

 , (4.9)
H1H3 −H3H1 =

 0 0 −λ2(λ1 + 2λ2)0 0 (λ1 − λ2)µ1
λ2(λ1 + 2λ2) (λ2 − λ1)µ1 0

 , (4.10)
H2H3 −H3H2 =

 0 (λ2 − λ1)µ2 (λ1 − λ2)µ1(λ1 − λ2)µ2 0 λ1λ2 − 2µ21 − 2µ22
(λ2 − λ1)µ1 2µ21 + 2µ22 − λ1λ2 0

 . (4.11)
It follows that
2N(H1H2 −H2H1) = 16λ41 + 16λ31λ2 + 4λ21λ22 + 4λ21µ22
− 8λ1λ2µ22 + 4λ22µ22,
(4.12)
2N(H1H3 −H3H1) = 4λ21λ22 + 16λ1λ32 + 16λ42 + 4λ21µ21
− 8λ1λ2µ21 + 4λ22µ21,
(4.13)
2N(H2H3 −H3H2) = 4(λ1 − λ2)2(µ21 + µ22) + 4(λ1λ2 − 2µ21 − 2µ22)2. (4.14)
Next, by direct calculation of Sij =
∑
k,l h
i∗
klh
j∗
kl , we get∑
i,j
(Sij)
2 = 4(λ21 + λ
2
2 + λ1λ2)
2 + 4(λ21 + µ
2
1 + µ
2
2)
2
+ 4(λ22 + µ
2
1 + µ
2
2)
2 + 2(λ1 − λ2)2(µ21 + µ22).
From the above computations we immediately verify (4.4) and (4.5). 
Next, for a Lagrangian submanifoldM3 of the nearly Ka¨hler S6(1), we introduce
a T⊥M3-valued tensor T : TM3 × TM3 × TM3 → T⊥M3 by
T(X,Y, Z) = (∇h)(X,Y, Z)− F (X,Y, Z) (4.15)
where F (X,Y, Z) = 14
[
G(X,AJZY ) +G(Y,AJXZ) +G(Z,AJYX)
]
.
The tensor T has important properties that we state as the following lemmas.
Lemma 4.4. Let M3 be a Lagrangian submanifold of the nearly Ka¨hler S6(1).
Then we have ∑
i,j,k,l
(hl
∗
ij,k)
2 =‖ ∇h ‖2= ‖ T ‖2 + 34‖h‖2. (4.16)
Proof. Let {e1, e2, e3} be a local orthonormal basis of the tangent bundle of M3 as
assumed in section 2. From (2.9), we have AJeiej = −Jh(ei, ej) =
∑
k h
k∗
ij ek. It
follows that
F (ei, ej , ek) =
1
4
∑
l
[
hl
∗
jkG(ei, el) + h
l∗
ikG(ej , el) + h
l∗
ijG(ek, el)
]
.
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Then, by using the minimality of M3 and (2.6), which gives that
g(G(ei, ej), G(ek, el)) = δikδjl − δilδjk, (4.17)
we can easily verify by direct calculations that
‖F‖2 =
∑
i,j,k
g(F (ei, ej , ek), F (ei, ej , ek)) =
3
4‖h‖2. (4.18)
Next, by definition (∇h)(ek, ei, ej) =
∑
l h
l∗
ij,kJel, applying Lemma 2.2 and (2.13)
we get
hl
∗
ik,j − hj
∗
ik,l =
∑
p
hp
∗
ik g(Jep, G(el, ej)). (4.19)
Using (2.4), (2.13) and (4.19), we have the following calculation:∑
i,j,k
g((∇h)(ei, ej, ek), F (ei, ej, ek))
=
1
4
∑
i,j,k,l,p
hl
∗
jk,ig(Jel, h
p∗
jkG(ei, ep) + h
p∗
ikG(ej , ep) + h
p∗
ij G(ek, ep))
=
1
8
∑
i,j,k,l,p
[
hp
∗
jk(h
l∗
jk,i − hi
∗
jk,l)g(Jel, G(ei, ep))
+ hp
∗
ik (h
l∗
ik,j − hj
∗
ik,l)g(Jel, G(ej , ep))
+ hp
∗
ij (h
l∗
ij,k − hk
∗
ij,l)g(Jel, G(ek, ep))
]
=
1
8
∑
i,j,k,l,p,m
[
hp
∗
jkh
m∗
jk g(Jem, G(el, ei))g(Jel, G(ei, ep))
+ hp
∗
ik h
m∗
ik g(Jem, G(el, ej))g(Jel, G(ej , ep))
+ hp
∗
ij h
m∗
ij g(Jem, G(el, ek))g(Jel, G(ek, ep))
]
(4.20)
Now, by using (2.3) and (2.4), we have∑
l
g(Jem, G(el, ei))g(Jel, G(ei, ep)) = g(G(ei, em), G(ei, ep)). (4.21)
Combining (4.21) and (4.17), then inserting the results into (4.20), we get∑
i,j,k
g((∇h)(ei, ej, ek), F (ei, ej , ek)) = 34‖h‖2. (4.22)
From (4.18), (4.22) and the fact
‖T‖2 = ‖∇h‖2 + ‖F‖2 − 2
∑
i,j,k
g((∇h)(ei, ej , ek), F (ei, ej, ek)), (4.23)
we finally verify the assertion (4.16). 
Lemma 4.5. A Lagrangian submanifold of the nearly Ka¨hler S6(1) satisfies T = 0
if and only if it is J-parallel, namely (1.2) holds.
Proof. By using (2.2)–(2.4) and (2.9), we get the calculations:
g(JW,G(Z,AJYX) = −g(JW,G(Z, Jh(X,Y )) = g(JW, JG(Z, h(X,Y ))
= g(W,G(Z, h(X,Y )) = −g(h(X,Y ), G(Z,W )).
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It follows that
4g(T(X,Y, Z), JW ) = 4g((∇h)(X,Y, Z), JW )− g(G(X,AJZY ), JW )
− g(G(Y,AJXZ), JW )− g(G(Z,AJYX), JW )
= 4g((∇h)(X,Y, Z), JW ) + g(h(Y, Z), G(X,W ))
+ g(h(X,Z), G(Y,W )) + g(h(X,Y ), G(Z,W )).
Therefore, T = 0 if and only if
4g((∇h)(X,Y, Z), JW ) + g(h(Y, Z), G(X,W ))
+ g(h(X,Z), G(Y,W )) + g(h(X,Y ), G(Z,W )) = 0.
This is equivalent to that the submanifold is J-parallel (cf. (24) of [9]). 
Lemma 4.5 allows us to apply for Theorem A and Theorem 1 of [9] so that we
can obtain the following
Lemma 4.6. Let M3 be a Lagrangian submanifold of the nearly Ka¨hler S6(1). If
M3 satisfies T = 0, then, for each point q ∈M3, there exists an orthonormal basis
{e1, e2, e3} of TqM3 such that either
(a) h(e1, e1) = h(e2, e2) = h(e3, e3) = h(e1, e2) = h(e1, e3) = h(e2, e3) = 0,
i.e., M3 is totally geodesic with K = 1; or
(b) h(e1, e1) =
√
5
2 Je1, h(e1, e2) = −
√
5
4 Je2, h(e1, e3) = −
√
5
4 Je3,
h(e2, e2) = −
√
5
4 Je1 +
√
10
4 Je2, h(e3, e3) = −
√
5
4 Je1 −
√
10
4 Je2,
h(e2, e3) = −
√
10
4 Je3.
Moreover, M3 has constant sectional curvature 116 ; or
(c) h(e1, e1) =
√
5
2 Je1, h(e1, e2) = −
√
5
4 Je2, h(e1, e3) = −
√
5
4 Je3,
h(e2, e2) = −
√
5
4 Je1, h(e3, e3) = −
√
5
4 Je1, h(e2, e3) = 0.
Moreover, M3 is locally congruent to Dillen-Verstraelen-Vrancken’s Berger
sphere Ψ(S3), defined by (3.1).
The Completion of Main Theorem’s Proof.
Let M3 be a compact Lagrangian submanifold of the nearly Ka¨hler S6(1). Now,
we apply for Lemma 4.2 and make calculation at an arbitrary fixed point q ∈ M3
with the orthonormal basis {e1, e2, e3} of TqM3. Then, from Lemmas 4.1, 4.3 and
4.4, we have
1
2
∆‖h‖2 = ‖T‖2 + 154 ‖h‖2 −
∑
i,j
N(HiHj −HjHi)−
∑
i,j
S2ij
= ‖T‖2 + 154 ‖h‖2 −
[
24λ41 + 24λ
3
1λ2 + 24λ
2
1λ
2
2 + 24λ1λ
3
2 + 24λ
4
2
+ 18(λ21 + λ2)(µ
2
1 + µ
2
2)− 36λ1λ2(µ21 + µ22) + 24(µ21 + µ22)2
]
= ‖T‖2 + 154 ‖h‖2 − 3‖h‖4 + 24(λ41 + λ42 + λ1λ32 + λ31λ2) + 84λ21λ22
+ 78(λ21 + λ
2
2)(µ
2
1 + µ
2
2) + 24(µ
2
1 + µ
2
2)
2
= ‖T‖2 + 154 ‖h‖2 − 3‖h‖4 + 92 (λ1 + λ2)2‖h‖2 + 24(µ21 + µ22)2
+ 3(λ1 − λ2)2(2λ21 + 2λ22 − 3λ1λ2)
+ 12
(
5λ21 + 5λ
2
2 + 4λ1λ2
)
(µ21 + µ
2
2).
(4.24)
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Noticing that λ1 + λ2 = maxu∈UM3 g(h(u, u), Ju) = Θ, from Lemma 4.2, (4.24)
and the arbitrariness of q ∈M3, by applying for the divergence theorem, we get
0 =
∫
M3
1
2
∆‖h‖2dM ≥ 3
∫
M3
‖h‖2( 54 + 32Θ2 − ‖h‖2)dM. (4.25)
The equality sign in (4.25) holds if and only if T = 0 and that, either M3 is totally
geodesic, or µ1 = µ2 = 0 and λ1 = λ2 6= 0 on M3. In the latter case, according
to Lemma 4.6, M3 is locally congruent to the Dillen-Verstraelen-Vrancken’s Berger
sphere Ψ(S3), defined by (3.1). It follows from Lemma 3.2 that ‖h‖2 ≡ 25/8 and
Θ ≡ √5/2. This shows that ‖h‖2 = 54 + 32Θ2. 
Finally, in conclusion we state the following locally rigidity theorem which is of
independent meaning.
Theorem 4.1. Let M3 be a Lagrangian submanifold of the nearly Ka¨hler S6(1).
Then it holds that
‖∇h‖2 ≥ 34‖h‖2. (4.26)
Moreover, (4.26) holds identically on M3 if and only if one of the following three
cases occurs:
(a) M3 is totally geodesic (K = 1 and h = 0), or
(b) M3 has constant sectional curvature 116 and ‖h‖2 = 458 , or
(c) M3 is locally congruent to an open part of the Dillen-Verstraelen-Vrancken’s
Berger sphere Ψ(S3) defined by (3.1) with ‖h‖2 = 258 .
Proof. This is a direct consequence of Theorem A of [9], Lemmas 4.4 and 4.5. 
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